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Abstract:We construct shock waves for Lifshitz-like geometries in four- and five-dimensional
effective theories as well as in D3-D7 and D4-D6 brane systems. The solutions to the do-
main wall profile equations are found. Further, the study makes a connection with the
implications for the quark-gluon plasma formation in heavy-ion collisions. According to
the holographic approach, the multiplicity of particles produced in heavy-ion collisions
can be estimated by the area of the trapped surface formed in shock wave collisions. We
calculate the areas of trapped surfaces in the geometry of two colliding Lifshitz domain
walls. Our estimates show that for five-dimensional cases with certain values of the critical
exponent the dependence of multiplicity on the energy of colliding ions is rather close to
the experimental data M∼ s 0.15 observed at RHIC and LHC.
Keywords: Gauge/gravity duality, Lifshitz-like metric, shock waves, holography and
quark-gluon plasma
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1 Introduction
In recent years, the original AdS/CFT correspondence [1–3] has gone through a number
of transformations (for reviews of phenomenological applications see [4–6]). Its extensions
have been explored to yield insights into strongly coupled field theories different from
a textbook example of N = 4 super Yang-Mills theory. In this context, a holographic
duality between gravitation and field theories with a Lifshitz scaling symmetry has recently
received much attention. According to the conjectured duality [7] the symmetries of the
gravitational background
ds2 = L2
[
−r2νdt2 + r2d~x2d−1 +
dr2
r2
]
, (1.1)
with the so-called dynamical Lifshitz exponent ν1 realize the symmetries of the dual field
theory invariant under the scale transformations
t→ λνt, ~x→ λ~x, r → 1
λ
r. (1.2)
The concept of the anisotropic scaling (1.2) came from the condensed matter physics
and characterizes the so-called Lifshitz fixed points [8]. These critical points arise in the
phase diagrams of various physical systems [9]. The appearance of Lifshitz points can be
understood within the Landau theory theory of phase transitions [10, 11].
The dynamical exponent ν = 1 describes the metric of the anti-de Sitter spacetime
and the scaling symmetry (1.2) turns to be the usual one embedded in the conformal
group SO(d + 1, 2), so the scaling is isotropic and corresponds to relativistic invariance.
The metric (1.1) is not a solution to the vacuum Einstein equations – the simplest matter
content required to support Lifshitz geometry includes a negative cosmological constant
and massive vector fields [7]. It is worth noting that the case ν < 1 produces an unrealistic
causal structure in the field theory and corresponds to violating the null energy condition
[12].
All curvature invariants built from the Riemann tensor for (1.1) are finite constants.
However, for all ν > 1 the Lifshitz metrics are singular as r → 0 in the sense of pp-
curvature singularities, which can be found out by computing the tidal forces between
infalling geodesics. For (1.1) it was pointed in [7] and demonstrated explicitly in [13, 14].
The possible way of the resolution of singularities has been outlined in [15, 16].
Embedding Lifshitz spacetimes into string theory and supergravity seems to be a non-
trivial problem. However, explicit solutions with Lifshitz symmetries with certain dynam-
ical exponents were presented in works [17]-[19]. Black branes/holes in asymptotically
Lifshitz spacetimes were constructed in [20]-[25]. The global structure of Lifshitz black
holes with arbitrary exponent ν > 1 was analyzed in [24].
Since the anisotropic scaling (1.2) takes place in a number of physical finite density
systems, Lifshitz spacetimes found its natural applications to holographic description of
1The standard notation of the dynamical exponent is z. Here we define the critical exponent by ν to
avoid the confusion with the holographic coordinate later.
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several condensed matter phenomena, namely superfluidity and superconductivity (see
[26]-[29] and refs. therein). The dual description of condensed matter systems at finite
temperatures is represented by Lifshitz black hole (brane) solutions.
There exists a number of generalizations of the Lifshitz spacetime (1.1). Recently, the
hyperscaling violating Lifshitz metric has been proposed in [29]-[32]
ds2 = r−
2θ
d
(
−r2zdt2 + r2d~x2d−1 +
dr2
r2
)
, (1.3)
which is characterized by the hyperscaling violation parameter θ in addition to the dynam-
ical exponent ν.
In [33] Lifshitz geometries (1.1) were generalized to anisotropic Lifshitz-like ones with
the metric
ds2 = L2
r2ν (−dt2 + p∑
i=1
dx2i
)
+ r2
q∑
j=1
dy2j +
dr2
r2
 , (1.4)
where p > 0, q > 0 and p+ q + 2 = D ≡ d+ 2. We will refer to these metrics as Lifshitz-
like metrics (p,q)-type (Lif(p,q)). The line element (1.4) is invariant under a generalized
scaling
(t, xi, yi, r)→
(
λνt, λνxi, λyi,
r
λ
)
. (1.5)
The scaling (1.5) differs from (1.2) by the extension of the anisotropy for space coordinates
xi and thus, the symmetry of the spatial part is broken down to SO(p)×SO(q). Lifshitz-like
fixed points with the anisotropic scaling (1.5) can arise in magnetic systems [9].
String embedding of the Lifshitz-like spacetime (1.4) with the anisotropic scaling (1.5)
and the dynamical exponent ν = 3/2 was developed for the system of intersecting D3−D7
branes in [34], where its finite temperature extension has also been presented. Holographic
calculations of the thermal and the entanglement entropies corresponding to these solutions
were demonstrated that both quantities enjoy characteristic scaling properties [34].
In [35, 36] the finite-temperature generalization of the type IIB supergravity solution
of [34] was studied as a gravity dual to an anisotropic deformation of a four-dimensional
N = 4 super Yang-Mills theory. It was noted in [36] that at zero temperature the metric has
a naked curvature singularity deep in the IR. The existence of solutions which interpolate
between the anisotropic solutions in the IR and the AdS5 × X5 solutions in the UV was
shown in [34, 36]. These interpolating solutions can be considered as the dual of the RG
flow between the two systems [35, 36].
In this paper, we consider Lifshitz-like backgrounds in the context of their applica-
tions to the anisotropic quark-gluon plasma created in heavy-ion collisions [35]-[46]. A
holographic model with a Lifshitz-like spacetime in the IR and AdS boundary conditions
is supposed to be related with an anisotropic SYM quark-gluon plasma [36]. Several phys-
ical quantities have been explored in this frameworks. Namely, the shear viscosity to the
entropy ratio η/s for this model was explored in [37], where a violation of the usual holo-
graphic bound of gravity duals by certain components of the viscosity tensor was found.
Anisotropy effects on heavy-quark energy loss in an anisotropic plasma were studied in
[38], the energy loss due to radiation in the anisotropic case has been shown to be less than
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the isotropic one. Studies of jet quenching, drag force and static potential for a strongly
coupled anisotropic plasma, described by the Lifshitz-like background from [36], include
[39]-[41]. It has been shown [39, 41] that the drag coefficient and the jet quenching pa-
rameter can be larger or smaller than its corresponding isotropic value depending on the
initial conditions.
One should mention another attempt to describe an anisotropic plasma presented in
[47]. This approach is based on the boundary field theory with anisotropic pressures and
its gravity dual involving a benign naked singularity. Opposed to the model [35] it does not
have a hydrodynamical limit. In [46] the effects of anisotropy on heavy quark potentials
and jet quenching parameters were compared for both holographic models. According to
the comparison the holographic models have a quite different behaviour at large distances
in the anisotropic direction.
Owing to the holographic approach, the creation and evolution processes of the quark-
gluon plasma can be examined through the analysis both shock waves [49]-[58] and Vaidya
solutions [59]-[62]. It should be noted that the Lifshitz-Vaidya solution has been con-
structed in [63]. This spacetime describes for a shell falling at the speed of light and
provides a holographic model of a quench near a quantum critical point.
Here we aim to construct shock waves in the Lifshitz-like spacetime (1.4) with an
arbitrary dynamical exponent ν. There are two approaches to construct shock waves
solutions in (A)dS spacetime. One of these consists in considering a boosted black hole
[66], the second deals with a direct method for constructing solutions to E.O.M. with a
source containing a δ-function located at zero of a light-cone coordinate. For the case of
(A)dS both methods give the same results. The appearance of δ-functions as a source can
be treated in the distribution language [67].
In this paper we show that the shock waves in the Lif(p,q)-background (1.4) satisfy the
following equation2 [
Lif(p+q) −
1
L2
(
p+
q
ν
)] φ(xi, yj , z)
z
= −2zJuu, (1.6)
where i = 1, . . . p− 1, j = 1, . . . q, u is one of the light-cone coordinates, Juu is the density
related with the stress-energy tensor, Tuu ∼ Juuδ(u) (Tuu is the only non-zero component
of the stress-energy tensor) and Lif(p+q) is the Laplace-Beltrami operator defined on the
(p+ q)-dimensional Lifshitz-like space with the metric
ds2Lif(p+q) =
1
z2
p−1∑
i=1
dx2i +
1
z2/ν
q∑
j=1
dy2j +
dz2
z2
, (1.7)
with the redefined coordinate z = r−ν .
To simplify the holographic description of heavy-ion collisions one can use shock do-
main walls [53, 56, 58]. In this case eq. (1.6) is reduced to the following form
∂2φ(z)
∂z2
−
(
p+
q
ν
) 1
z
∂φ(z)
∂z
= −16piGDEzp+
q
ν∗ δ(z − z∗). (1.8)
2For the D-dimensional Lifshitz-like metric we give a derivation of eqs. (1.6), (1.8) and the solution for
the profile in Appendix A.
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Here we study wall-on-wall collisions in backgrounds with the Lifshitz-like scaling. As
it is known, the quark-gluon plasma is anisotropic at the very early stages of heavy-ion
collisions, in which most of the entropy is produced. In holography, the entropy production
is related to the trapped surface formed during the shock waves (domain walls) collisions.
Following this proposal, we will calculate the area of the trapped surface for the wall-on-wall
collision and estimate the multiplicity of particle production.
The paper is organized as follows.
In Sect. 2 we present the construction of shock waves in 4d Lifshitz-like spacetimes. We
show that the shock wave in this case is located on a 2d Lifshitz space and the shock wave
profile up to a rescaling factor is a fundamental solution to the Laplace-Beltrami equation
with a non-zero cosmological constant in the 2d Lifshitz space, eq.(2.24). In Sect. 2.3 the
shape for the shock domain wall profile is obtained. In Sect. 2.4 the collision of two domain
walls is considered. We find the conditions for the trapped surface formation and estimate
the multiplicity.
In Sect. 3 we develop the similar technic in 5d Lifshitz-like spacetimes. In Sect. 3.1 we
construct the shock wave geometries in type (1,2) 5-dimensional Lifshitz-like backgrounds
and the same for type (2,1) 5-dimensional Lifshitz-like backgrounds in Sect. 3.2.
In Sect. 4 we study shock waves, domain walls and their collisions for D3-D7 and
D4-D6 brane systems applying the approach employed in previous sections.
We conclude in Sect. 5 with a discussion of our results. In appendices we collect some
technical details of computations used for constructing shock waves.
2 Shock waves in 3 + 1-dimensional Lifshitz-like spacetimes
In this section, we will consider the construction of shock wave solutions in a four-dimensional
Lifshitz-like spacetime. Our starting point is the 4-dimensional model proposed in [33].
Here we have p = 1, q = 1 for the four-dimensional metric (1.4).
2.1 3 + 1-dimensional model and Lifshitz-like solutions
First we provide a brief overview of characteristics corresponding to Lifshitz-like solutions
(1.4). We consider a 4-dimensional effective gravity model governed by the action [33]
S =
1
2κ2
∫
d4x
[√
|g|
(
R− 2Λ−
F 2(2)
4
−
F 2(3)
12
−
H2(3)
12
− m
2
0
2
B2(2)
)
−
cM1M2M3M4AM1M2FM3M4
]
, (2.1)
where B(2), F(2), F(3), H(3) are form fields , F(2) = dA(1), H(3) = dB(2), c is the topological
coupling between the two and three form fluxes and Λ is the negative cosmological constant.
The Einstein equations for (2.1) are given by
RMN − 1
2
gMNR+ gMNΛ =
1
2
FMM1F
M1
N +
1
4
HMM1M2H
M1M2
N +m
2
0BMM1B
M1
N +
1
4
FMM1M2F
M1M2
N −
1
2
gMN
[
F 2(2)
4
+
F 2(3)
12
+
H2(3)
12
+
m20
2
B2(2)
]
. (2.2)
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The equations of motions for the field strengths read
∂M3
(√
|g|FM3M4
)
= −2
3
M1M2M3M4cFM1M2M3 , (2.3)
∂M3
(√
|g|FM1M2M3
)
= 2cM1M2M3M4FM3M4 , (2.4)
∂M3
(√
|g|HM1M2M3
)
= 2m20
√
|g|BM1M2 . (2.5)
Eqs. (2.3)-(2.5) allow the following anisotropic metric ansatz of our interest
ds2 = L2
(
r2ν
(−dt2 + dx2)+ r2dy2 + dr2
r2
)
, (2.6)
where the critical exponent ν is arbitrary. The geometry (2.6) is sourced by two and three
form-fluxes B(2) and H(3) given by
B(2) =
√
ν − 1
ν
L2r2νdt ∧ dx, H(3) = 2ν
√
ν − 1
ν
L2r2ν−1dr ∧ dt ∧ dx (2.7)
and the constants obey the following constraints
m20 =
ν
L2
, c2 =
(ν + 1)ν
16L2
, Λ = −4ν
2 + ν + 1
2L2
. (2.8)
Introducing the coordinate redefinition rν = ρ, one can rewrite the metric (2.6) in the
following form [34]
ds2 = L2
[
ρ2
(−dt2 + dx2)+ ρ2/νdy2 + dρ2
ρ2
]
. (2.9)
The background (2.9) is invariant under the transformation
(t, x, y, ρ)→
(
λt, λx, λ1/νy,
ρ
λ
)
. (2.10)
Thus, the y direction is responsible for the Lorentz symmetry violation and anisotropy.
The Lifshitz geometry (2.9) exhibits spacetime isometries. These isometries are gen-
erated by the following Killing vectors
ξ = − ∂
∂t
, ζ1 =
∂
∂x
, ζ2 =
∂
∂y
, η = −t ∂
∂x
− x ∂
∂t
, χ = −x ∂
∂x
− t ∂
∂t
− y
ν
∂
∂y
+ ρ
∂
dρ
. (2.11)
In terms of the variable z = 1/ρ the metric (2.9) can be rewritten as follows
ds2 = L2
[(−dt2 + dx2)
z2
+
dy2
z2/ν
+
dz2
z2
]
. (2.12)
It is worth noting that for ν = 1 the spacetime (2.12) reduces to the Poincare patch of
AdS4.
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2.2 Shock waves in 3 + 1-Lifshitz-like spacetimes
To obtain shock waves here and what follows we use the approach from the work [64].
There it is shown that for the d-dimensional metric
ds2 = A(u, v)dudv + g(u, v)hij(x)dx
idxj , (2.13)
with i, j,= 1, 2, . . . , d − 2, sourced some matter fields and the cosmological constant, one
can represent a shock wave solution as a metric of a light-like particle located at u = 0 and
moving with the speed of light in the v-direction in the background (2.13)
ds2 = 2Adudv − 2Afδ(u)du2 + ghijdxidxj , (2.14)
with the only non-zero component Tuu of the stress-energy tensor
Tuu = −4pA2δd−2(x)δ(u), (2.15)
where δ is the Dirac delta-function and p is the momentum of the particle.
Thus, to construct the shock wave in the background (2.12) it is convenient to introduce
the null combinations
du = dt− dx, dv = dt+ dx. (2.16)
In terms of uv-coordinates the metric (2.12) can be rewritten in the following form
ds2 = L2
[
−dudv
z2
+
dy2
z2/ν
+
dz2
z2
]
. (2.17)
As it was pointed earlier, the shock wave solution can be obtained considering the metric
(2.17) in presence of a light-like particle
ds2 = L2
[
φ(y, z)δ(u)
z2
du2 − dudv
z2
+
dy2
z2/ν
+
dz2
z2
]
. (2.18)
Non-zero components of the Ricci tensor and the scalar curvature corresponding to the
metric (2.18) read
Ruu = −1
2
δ(u)
zν
[
zν
∂2φ(y, z)
∂z2
+ z−1+
2
ν ν
∂2φ(y, z)
∂y2
− ∂φ(y, z)
∂z
ν − ∂φ(y, z)
∂z
+
4φ(y, z)ν
z
+
2φ(y, z)
z
]
, (2.19)
Ruv =
2ν + 1
2νz2
, Ryy = −z
− 2
ν (2ν + 1)
ν2
, Rzz = −2ν
2 + 1
ν2z2
, R = −2(3ν
2 + 2ν + 1)
L2ν2
.
(2.20)
To obtain the equation for the shock wave profile, let us consider the uv-component of the
Einstein equations
Ruv − 1
2
guvR+ guvΛ = Tuv. (2.21)
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Substituting Ruv from (2.20), guv from (2.18) and taking into account that the only non-
zero component of the stress-energy tensor is Tuu, one obtains
2ν + 1
2νz2
− 1
4z2
2L2(3ν2 + 2ν + 1)
L2ν2
− L
2Λ
2z2
= 0, (2.22)
which yields the relation for the cosmological constant Λ
Λ = − 1
L2
(
1 +
1
ν
+
1
ν2
)
. (2.23)
Owing to relations for Ruu (2.19) and guu from (2.18) one can derive the equation for
the shock wave profile can be obtained from the uu-component of Einstein equations[
Lif2 −
1
L2
(
1 +
1
ν
)]
φ(y, z)
z
= −2ztuu, (2.24)
where tuu is related with Tuu via Tuu = tuuδ(u) and the operator Lif2 has the following
form
Lif2 =
1
νL2
(
z2ν
∂2
∂z2
+ νz
∂
∂z
− z ∂
∂z
+ z2/νν
∂2
∂y2
)
(2.25)
and is defined on the space
ds2 = L2
[
dy2
z2/ν
+
dz2
z2
]
(2.26)
with Killing vectors given by
ζ =
∂
∂y
, η =
y
ν
∂
∂y
+ z
∂
∂z
, ξ = −z
2/νν2 − y2
2ν
∂
∂y
+ yz
∂
∂z
. (2.27)
It acts on the profile function
φ(y, z)
z
as
Lif2
[
φ(y, z)
z
]
=
1
νL2
[
zν
∂2φ(y, z)
∂z2
+ z−1+
2
ν ν
∂2φ(y, z)
∂y2
− ν ∂φ(y, z)
∂z
−
∂φ(y, z)
∂z
+
ν
z
φ(y, z) +
1
z
φ(y, z)
]
. (2.28)
The shape of the shock wave Φ =
φ
z
is given by the solution to (2.24) with
tuu = 8piG4E
( z
L
)1+ 1
ν
δ(z − z∗)δ(y). (2.29)
It is easy to see that for the case ν = 1, which corresponds to the four-dimensional
AdS space, eq. (2.24) comes to the well-known equation for the 4d AdS-shock wave [51, 65][
H2 −
2
L2
]
φ(y, z)
z
= −2ztuu. (2.30)
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2.3 Shock domain-wall
To find solutions to (2.24) with (2.29) looks to be rather complicated. In works [53, 56] a
simpler form of shock waves called domain walls was suggested. To derive the equation for
the profile, one should consider the mass of a point-like source averaged over the domain-
wall. The profile of the domain wall has the dependence only on the holographic coordinate
z and obeys the equation[
Lif2 −
1
L2
(
1 +
1
ν
)]
φ(z)
z
= −16piG4zJuu. (2.31)
Eq. (2.31) is reduced to the following form
∂2φ(z)
∂z2
−
(
1 +
1
ν
)
1
z
∂φ(z)
∂z
= −16piG4Juu, (2.32)
where the source is chosen as
Juu = E
( z
L
)1+1/ν
δ(z − z∗). (2.33)
The solution to eq. (2.32) for the domain wall profile can be written down in the
following form
φ = φaΘ(z∗ − z) + φbΘ(z − z∗), (2.34)
where z∗ is a constant, Θ(z − z∗) is the Heaviside function and the profile functions are
φa(z) = C0zazb
(
z
(2ν+1)/ν
∗
z
(2ν+1)/ν
b
− 1
)(
z(2ν+1)/ν
z
(2ν+1)/ν
a
− 1
)
, (2.35)
φb(z) = C0zazb
(
z
(2ν+1)/ν
∗
z
(2ν+1)/ν
a
− 1
)(
z(2ν+1)/ν
z
(2ν+1)/ν
b
− 1
)
, (2.36)
C0 = − 16νpiG4Ez
1+1/ν
a z
1+1/ν
b
(2ν + 1)L
1
ν
+3(z
(2ν+1)/ν
b − z(2ν+1)/νa )
. (2.37)
It is worth noting that the solution (2.34) decreases in both directions from the point z∗.
The point z∗ can be considered as the center of the shock domain wall.
2.4 Wall-on-wall collision
Let us discuss the collision of two shock domain walls, as a model of heavy ion collisions.
According to the proposal of [49], a collision of two nuclei in the bulk can be interpreted
as a line element for two identical shock waves propagating towards one another in the
gravity dual background. Here following [53, 56] we consider the collision of two shock
domain walls with the metric before the collision given by
ds2 = L2
(
− 1
z2
dudv +
1
z2
φ1(y, z)δ(u)du
2 +
1
z2
φ2(y, z)δ(v)dv
2 +
1
z2/ν
dy2 +
dz2
z2
)
. (2.38)
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The trapped surface formed in the wall-on-wall collision obeys the equation
∂2φ(z)
∂z2
−
(
1 +
1
ν
)
1
z
∂φ(z)
∂z
= −16piG4E∗z1+1/νδ(z − z∗). (2.39)
For the formation of a trapped surface the following conditions must be satisfied
(∂zφ)|z=za = 2, (∂zφ)|z=zb = −2, (2.40)
with the assumption for the points za < z∗ < zb. The detailed form of the conditions (2.40)
reads
8piG4Ez
1+ 1
ν
a
(
1− z
1
ν
+2
b /z
1
ν
+2
∗
)
L3+
1
ν
(
z
1
ν
+2
b /z
1
ν
+2
∗ − z
1
ν
+2
a /z
1
ν
+2
∗
) = −1,
8piG4Ez
1+ 1
ν
b
(
1− z
1
ν
+2
b /z
1
ν
+2
∗
)
L3+
1
ν
(
z
1
ν
+2
b /z
1
ν
+2
∗ − z
1
ν
+2
a /z
1
ν
+2
∗
) = 1. (2.41)
One can derive the following relations between the collision and boundary points from
eqs.(2.41) for some fixed zb
za =
 z1+ 1νb
−1 + z1+
1
ν
b C
 νν+1 , z∗ =
z1+ 1νa z1+ 1νb (za + zb)
z
1+ 1
ν
a + z
1+ 1
ν
b
 ν2ν+1 , (2.42)
where C =
8piG4E
L
1
ν
+3
. The solution to this system for the dynamical exponent ν = 2 is
shown in Fig. 1.
The area of the trapped surface can be calculated using the following relation
S =
1
2G4
∫
C
√
det|gLif2 |dzdy, (2.43)
where the metric determinant of the two-dimensional Lifshitz metric (2.26) reads
det|gLif2 | = z−2(1+
1
ν
). (2.44)
Owing to (2.44) one obtains the following result for the relative entropy
s =
Strap∫
dy
=
ν
2G4
(
1
z
1/ν
a
− 1
z
1/ν
b
)
. (2.45)
For large values of zb we get the following approximation
s(C, zb) =
(
C
2
) 1
1+ν
−
(
1
zb
) 1
ν
− 2
(ν + 1)C
(
C
2
) 1
1+ν
(
1
zb
) 1+ν
ν
+ . . . . (2.46)
Thus, the relative area s of the trapped surface takes the maximum value at infinite
zb
s|zb→∞ =
ν
2G4
(8piG4)
1/(1+ν)E1/(1+ν). (2.47)
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[fm]
[fm]
Figure 1. The solution to the system of equations (2.41) for the given zb and ν = 2.
3 Shock waves in 4 + 1-dimensional Lifshitz-like spacetimes
In this section, we construct five-dimensional Lifshitz-like shock waves. As in the previous
section, we work with the Lifshitz-like metric of the form (1.4). In the five-dimensional
spacetime, one have two cases: p = 1, q = 2 and p = 2, q = 1.
3.1 Type (1,2) 5d Lifshitz shock wave
Consider a five-dimensional Lifshitz-like metric given by (1.4) with p = 1, q = 2 written in
terms of the coordinate z = r−ν
ds2 = L2
[(−dt2 + dx2)
z2
+
(
dy21 + dy
2
2
)
z2/ν
+
dz2
z2
]
. (3.1)
As in the four-dimensional case the spacetime (3.1) for ν = 1 represents the Poincare patch
of anti-de Sitter space.
To construct a shock wave solution, it is convenient to represent the metric in light-cone
coordinates
ds2 = L2
[
−dudv
z2
+
(
dy21 + dy
2
2
)
z2/ν
+
dz2
z2
]
. (3.2)
The shock wave moving in the v-direction is given by
ds2 = L2
[
φ(y1, y2, z)δ(u)
z2
du2 − dudv
z2
+
(
dy21 + dy
2
2
)
z2/ν
+
dz2
z2
]
(3.3)
with the profile function φ(y1, y2, z) satisfying the following equation[
Lif3 −
1
L2
(
1 +
2
ν
)]
φ(y1, y2, z)
z
= −2ztuu. (3.4)
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Eq. (3.4) can be obtained from the uu-component of the Einstein equations. Expressions for
Rij , R, the cosmological constant and the derivation of (3.4) are presented in Appendix C.1.
The Laplace-Beltrami operator Lif3 has the following form
Lif3 =
1
νL2
(
z2ν
∂2
∂z2
+ νz
∂
∂z
− 2z ∂
∂z
+ z2/νν
∂2
∂y21
+ νz2/ν
∂2
∂y22
)
(3.5)
and acts on the profile function
φ(y1, y2, z)
z
as
Lif3
[
φ(y1, y2, z)
z
]
=
1
νL2
[
zν
∂2φ(y1, y2, z)
∂z2
+ z−1+
2
ν ν
∂2φ(y1, y2, z)
∂y21
+
z−1+
2
ν ν
∂2φ(y1, y2, z)
∂y22
− ν ∂φ(y1, y2, z)
∂z
− 2∂φ(y1, y2, z)
∂z
+
ν
z
φ(y1, y2, z) +
2
z
φ(y1, y2, z)
]
. (3.6)
This operator is defined on the three-dimensional Lifshitz space with the metric
ds2 = L2
[(
dy21 + dy
2
2
)
z2/ν
+
dz2
z2
]
, (3.7)
owning the following Killing vectors
ζ1 =
∂
∂y1
, ζ2 =
∂
∂y2
, ξ = −y2 ∂
∂y1
+ y1
∂
∂y2
,
η =
y1
ν
∂
∂y1
+
y2
ν
∂
∂y2
+ z
∂
∂z
, η1 = −z
2/νν2 − y21 + y22
2ν
∂
∂y1
+
y1y2
ν
∂
∂y2
+ y1z
∂
∂z
,
η2 = −y
2
1 − y22 + z2/νν2
2ν
∂
∂y2
+ zy2
∂
∂z
+ y1y2
∂
∂y1
. (3.8)
Putting the dynamical exponent ν = 1, eq. (3.4) comes to the well-known equation
for the 5d AdS-shock wave [
H3 −
3
L2
]
φ(y1, y2, z)
z
= −2ztuu. (3.9)
3.1.1 Domain-wall
The equation for the domain-wall profile in the five-dimensional Lifshitz-like space is[
Lif3 −
1
L2
(
1 +
2
ν
)]
φ(z)
z
= −16piG5zJuu, (3.10)
which can be represented in the form
∂2φ(z)
∂z2
−
(
1 +
2
ν
)
1
z
∂φ(z)
∂z
= −16piG5Juu, (3.11)
with the source given by
Juu = E
( z
L
)1+2/ν
δ(z − z∗). (3.12)
– 12 –
[fm]
[fm]
Figure 2. The domain wall profile φ(z) in the 5d Lifshitz-like spacetime (1,2) with ν = 4.
The solution to the domain wave profile has the similar form to the 4-dimensional one
and reads
φ = φaΘ(z∗ − z) + φbΘ(z − z∗), (3.13)
where the profile functions are
φa(z) = C0zazb
(
z
2(ν+1)/ν
∗
z
2(ν+1)/ν
b
− 1
)(
z2(ν+1)/ν
z
2(ν+1)/ν
a
− 1
)
, (3.14)
φb(z) = C0zazb
(
z
2(ν+1)/ν
∗
z
2(ν+1)/ν
a
− 1
)(
z2(ν+1)/ν
z
2(ν+1)/ν
b
− 1
)
, (3.15)
C0 = − 8νpiG5Ez
1+2/ν
a z
1+2/ν
b
(ν + 1)L3+
2
ν (z
2(ν+1)/ν
b − z2(ν+1)/νa )
. (3.16)
The profile is presented in Fig. 2.
3.1.2 Colliding shock waves
The line element for colliding shocks in the 5d Lifshitz-like background can be represented
as:
ds2 = L2
[
− 1
z2
dudv +
1
z2
φ1(y1, y2, z)δ(u)du
2 +
1
z2
φ2(y1, y2, z)δ(v)dv
2 +
1
z2/ν
(
dy21 + dy
2
2
)
+
dz2
z2
]
. (3.17)
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The trapped surface obeys the conditions for the formation
8piG5Ez
1+ 2
ν
a
(
1− z
2
ν
+2
b /z
2
ν
+2
∗
)
L3+
2
ν
(
z
2
ν
+2
b /z
2
ν
+2
∗ − z
2
ν
+2
a /z
2
ν
+2
∗
) = −1,
8piG5Ez
1+ 2
ν
b
(
1− z
2
ν
+2
b /z
2
ν
+2
∗
)
L3+
2
ν
(
z
2
ν
+2
b /z
2
ν
+2
∗ − z
2
ν
+2
a /z
2
ν
+2
∗
) = 1. (3.18)
Owing to (3.18) we obtain the following relations between the collision and boundary points
za =
 z1+ 2νb
−1 + z1+
2
ν
b C
 νν+2 , z∗ =
z1+ 2νa z1+ 2νb (za + zb)
z
1+ 2
ν
a + z
1+ 2
ν
b
 ν2ν+2 , (3.19)
where C =
8piG5E
L
2
ν
+3
.
One can calculate the area of the trapped surface using the relation
S =
1
2G5
∫
C
√
det|gLif3 |dzdy1dy2, (3.20)
with the determinant det|gLif3 | of the three-dimensional Lifshitz metric (3.7)
det|gLif3 | = z−(1+
2
ν
). (3.21)
Thus, we have
s =
Strap∫
dy1dy2
=
ν
4G5
(
1
(za)2/ν
− 1
(zb)2/ν
)
. (3.22)
In the limit zb →∞ the approximation for the entropy can be represented as
s(C, zb) =
(
C
2
) 2
2+ν
−
(
1
zb
) 2
ν
− 2
(ν + 2)
(
2
C
) 2
2+ν
(
1
zb
) 2+ν
ν
+ . . . . (3.23)
The maximum value of the relative area s at infinite zb takes the form
s|zb→∞ =
ν
4G5
(8piG5)
2/(ν+2)E2/(ν+2). (3.24)
We can see that relations (3.14)-(3.16) and (3.24) are similar to those for the 5-
dimensional AdS background deformed by the power-law factor b =
L
za
from [58] with
the profile equation
∂2φ(z)
∂z2
− 3a
z
∂φ(z)
∂z
= −16piG5
( z
L
)3a
E∗δ(z − z∗). (3.25)
One can conclude that the following relation between the constant a and the Lifshitz
exponent ν takes place
1 +
2
ν
= 3a. (3.26)
In [58] it is shown that the b-factor with a = 1/2 gives rise to the value of multiplicity,
which is the most compatible to the experimental data. Thus, one should consider wall-
on-wall-collisions in the Lifshitz-like spacetime with ν = 4.
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3.2 Type (2,1) 5d Lifshitz shock wave
Now we turn to constructing shocks in a five-dimensional Lifshitz-like background with
p = 2, q = 1
ds2 = L2
((−dt2 + dx21 + dx22)
z2
+
dy2
z2/ν
+
dz2
z2
)
. (3.27)
The metric (3.27) can be rewritten in the following form
ds2 = L2
(
−dudv
z2
+
dx22
z2
+
dy22
z2/ν
+
dz2
z2
)
, (3.28)
where du = dt− dx1 and dv = dt+ dx1.
The metric of the shock wave in the background (3.27) is given by
ds2 = L2
(
φ(x2, y2, z)δ(u)
z2
du2 − 1
z2
dudv +
dx22
z2
+
dy22
z2/ν
+
dz2
z2
)
. (3.29)
The equation for the shock wave profile reads[
Lif3 −
1
L2
(
2 +
1
ν
)]
φ(x2, y2, z)
z
= −2ztuu, (3.30)
which follows from the Einstein equations (see, Appendix C.2).
In eq. (3.30) the Laplace-Beltrami operator Lif3 is given by
Lif3 =
1
νL2
(
z2ν
∂2
∂z2
− z ∂
∂z
+ z2ν
∂2
∂x22
+ νz2/ν
∂2
∂y22
)
. (3.31)
and acts on the profile function
φ(x2, y2, z)
z
as
Lif3
φ(x2, y2, z)
z
=
1
νL2
[
zν
∂2φ(x2, y2, z)
∂z2
+ zν
∂2φ(x2, y2, z)
∂x22
+ z−1+2/νν
∂2φ(x2, y2, z)
∂y22
−
−2ν ∂φ(x2, y2, z)
∂z
− ∂φ(x2, y2, z)
∂z
+ 2
ν
z
φ(x2, y2, z) +
1
z
φ(x2, y2, z)
]
.
(3.32)
Lif3 is defined on the three-dimensional Lifshitz space
ds2 = L2
(
dx22
z2
+
dy22
z2/ν
+
dz2
z2
)
. (3.33)
Killing vectors related to (3.33) have the form
ξ = x2
∂
∂x2
+
y2
ν
∂
∂y2
+ z
∂
∂z
, ζ1 =
∂
∂x2
, ζ2 =
∂
∂y2
. (3.34)
– 15 –
3.2.1 Domain-wall
The profile of a domain wall has the dependence only on holographic coordinate z and
obeys the equation [
Lif3 −
1
L2
(
2 +
1
ν
)]
φ(z)
z
= −16piG5Juu. (3.35)
Owing to the absence of the dependence on the transversal coordinates, eq. (3.35) can be
reduced to the form
∂2φ(z)
∂z2
−
(
2 +
1
ν
)
1
z
∂φ(z)
∂z
= −16piG5E∗z2+1/νδ(z − z∗). (3.36)
The domain wave profile can be represented in the following form
φ = φaΘ(z∗ − z) + φbΘ(z − z∗), (3.37)
where the profile functions are
φa(z) = C0zazb
(
z
(3ν+1)/ν
∗
z
(3ν+1)/ν
b
− 1
)(
z(3ν+1)/ν
z
(3ν+1)/ν
a
− 1
)
, (3.38)
φb(z) = C0zazb
(
z
(3ν+1)/ν
∗
z
(3ν+1)/ν
a
− 1
)(
z(3ν+1)/ν
z
(3ν+1)/ν
b
− 1
)
, (3.39)
C0 = − 16νpiG5Ez
2+1/ν
a z
2+1/ν
b
(3ν + 1)L4+
1
ν (z
(3ν+1)/ν
b − z(3ν+1)/νa )
. (3.40)
Comparing the equations (3.36) and (3.25), one obtains the following correspondence
3a = 2 +
1
ν
. (3.41)
For ν = −2 the solution for the domain wall profile (3.37)-(3.40) yields the same results
as for the deformed AdS case [58] with a = 1/2. However, it is shown in [12] that Lifshitz
geometries with negative dynamical constants do not satisfy the null energy condition.
3.2.2 Colliding shocks
The ansatz of the metric for colliding domain walls in the Lifshitz-like background (3.27)
is
ds2 = L2
[
− 1
z2
dudv +
1
z2
φ1(y1, y2, z)δ(u)du
2 +
1
z2
φ2(y1, y2, z)δ(v)dv
2 +
dy21
z2/ν
+
dy22
z2
+
dz2
z2
]
. (3.42)
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The trapped surface is formed if the following conditions are satisfied
8piG5Ez
2+ 1
ν
a
(
1− z
1
ν
+3
b /z
1
ν
+3
∗
)
L4+
1
ν
(
z
1
ν
+3
b /z
1
ν
+3
∗ − z
1
ν
+3
a /z
1
ν
+3
∗
) = −1,
8piG5Ez
2+ 1
ν
b
(
1− z
1
ν
+3
b /z
1
ν
+3
∗
)
L4+
1
ν
(
z
1
ν
+3
b /z
1
ν
+3
∗ − z
1
ν
+3
a /z
1
ν
+3
∗
) = 1. (3.43)
The relations between the collision and boundary points read
za =
 z2+ 1νb
−1 + z2+
1
ν
b C
 ν2ν+1 , z∗ =
z2+ 1νa z2+ 1νb (za + zb)
z
2+ 1
ν
a + z
2+ 1
ν
b
 ν3ν+1 , (3.44)
where C =
8piG5E
L
1
ν
+4
.
The metric determinant for the 3d Lifshitz space (3.33) is
det|gLif3 | = z−(4+
2
ν
). (3.45)
The relative entropy is given by
s =
Strap∫
dy1dy2
=
ν
2G5(ν + 1)
 1
z
1+ 1
ν
a
− 1
z
1+ 1
ν
b
 . (3.46)
Now we can write down the approximation for the entropy in the limit zb →∞
s(C, zb) =
(
C
2
) ν+1
2ν+1
−
(
1
zb
)1+ 1
ν
− ν + 1
2ν + 2
(
2
C
) ν
2ν+1
(
1
zb
) 2ν+1
ν
+ . . . . (3.47)
The relative area s of the trapped surface, the maximum value at infinite zb
s|zb→∞ =
ν
2G5(ν + 1)
(8piG5)
ν+1
2ν+1E
ν+1
2ν+1 . (3.48)
4 Shock waves for brane systems
In this section, we will study two brane systems defined on a product of manifolds, which
contains a Lifshitz-like metric. D3-D7 intersection that we will consider is the IR part of
the zero-temperature solution from [34]-[36].
4.1 Intersecting D3-D7 branes
First, we briefly review the related IIB supergravity model. The action can be written in
the following form
S =
∫
d10x
√
|g|
{
e−2φ(R+ 4∂Mϕ∂Mϕ− 1
2
H3 ∧ ?H3)− 1
2
F1 ∧ ?F1 −
1
2
F˜3 ∧ F˜3 − 1
4
F˜5 ∧ ?F˜5
}
− 1
2
∫
C4 ∧H3 ∧ F3, (4.1)
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ϕ is the dilaton field, the field strengths have the following relations F1 = dχ, F˜3 =
F3 − χH3, F˜5 = F5 − 12C2 ∧H3 + 12B2 ∧ F3 and χ is the axion field.
We consider a D3−D7-brane system defined on a ten-dimension manifold M, which
can be factorized as
M = M5 ×X5, (4.2)
where X5 is an Einstein manifold and M5 is a manifold with anisotropy. According to [34]
the Lifshitz-type metric can appear in a solution which describes intersecting D3 and D7
branes. The metric of the D3−D7-intersection is given by
ds2E = R˜
2
[
r3(−dt2 + dx2 + dy2) + r2dw2 + dr
2
r2
]
+R2ds2X5 , (4.3)
where the radii
R2 =
12
11
R˜2 =
α
2
. (4.4)
The configuration is given in Fig. 3. Redefining the coordinate r as r ≡ ρ2/3 one obtains
ds2 = R˜2
[
ρ2
(−dt2 + dx2 + dy2)+ ρ4/3dw2 + dρ2
ρ2
]
+R2ds2X5 . (4.5)
The spacetime (4.5) is invariant under the scaling
(t, x, y, w, ρ)→
(
λt, λx, λy, λ2/3w,
ρ
λ
)
(4.6)
and coincides with (1.4) for p = 2, q = 1 and the critical exponent ν = 3/2.
M4 × S1 ×X5 t x y r w s1 s2 s3 s4 s5
D3 × × × ×
D7 × × × × × × × ×
Figure 3. D3-D7 intersection over a two-brane.
Introducing light-cone coordinates du = dt− dx and dv = dt+ dx and rewriting (4.5)
in terms of the holographic coordinate z = 1/r, one comes
ds2 = R˜2
[
−dudv
z2
+
dy2
z2
+
dw2
z4/3
+
dz2
z2
]
+R2ds2X5 . (4.7)
We consider a shock wave which is defined on a space including the common brane
worldvolume, the relative transverse space to the D7-brane and the one-dimensional part
of the total transverse space. For simplicity, we restrict ourselves to the case φ = φ(z) that
yields the domain wall geometry. Thus, the metric of the shock is given by
ds2 = R˜2
[
φ(z)
z2
δ(u)du2 − dudv
z2
+
dy2
z2
+
dw2
z4/3
+
dz2
z2
]
(4.8)
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Figure 4. The solution for the boundary and collision points (4.11).
and is invariant under the Lifshitz-like transformations (4.6). Now it is easy to see that
the geometry (4.8) is a particular case of the shock wave in the Lifshitz metric type (2,1)
(3.29) with L = R˜. The equation for the profile can be represented in the form
∂2φ(z)
∂z2
− 8
3z
∂φ(z)
∂z
= −16piG5E∗z8/3δ(z − z∗) (4.9)
and has the solution (3.37)-(3.40) with putting ν = 3/2.
The ansatz for the metric before the collision of two domain walls in the background
(4.7) has the similar form to (3.42)
ds2 = R˜2
[
− 1
z2
dudv +
1
z2
φ1(z)δ(u)du
2 +
1
z2
φ2(z)δ(v)dv
2 +
dy2
z2
+
dw2
z4/3
+
dz2
z2
]
.(4.10)
The trapped surface can be formed if the following boundary conditions are satisfied
8piG5Ez
8/3
a
(
1− z
11/3
b
z
11/3
∗
)
R˜14/3
(
z
11/3
b
z
11/3
∗
− z11/3a
z
11/3
∗
) = −1, 8piG5Ez8/3b
(
1− z11/3a
z
11/3
∗
)
R˜14/3
(
z
11/3
b
z
11/3
∗
− z11/3a
z
11/3
∗
) = 1. (4.11)
The solution to (4.11) is given in Fig. 4. The relations for the collision and boundary points
are those (3.44) with ν = 3/2.
Following the calculations (3.45)-(3.47) one can write down the maximum value of the
relative area s of the trapped surface at infinite zb
s|zb→∞ =
3R˜
10G5
(
8piG5
R˜2
)5/8
E5/8. (4.12)
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4.2 Intersecting D4-D6 branes
The action in type IIA supergravity has the following form
SIIA =
∫
d10x
√
|g|
{
e−2ϕ
[
R[g] + 4∂µϕ∂
µϕ− 1
2(3!)
|F(3)|2
]
− 1
2(2!)
|F(2)|2 −
1
2(4!)
|F˜(4)|2
}
− 1
2
∫
A2 ∧ F(4) ∧ F(4), (4.13)
where ϕ is the dilaton, F(3) = dA2 is the field strength of the NS-NS two form, F(2) = dA1
is the field strength of the R-R 1-form, F(4) = dA3, F˜(4) = dA3+F(3)∧A1 are the Ramond-
Ramond field strengths.
The D4-D6 brane system with a Lifshitz-like scaling from [34] has the following form
ds2 = R˜2
[
ρ7/3
(−dt2 + dx21 + dx22)+ dρ2ρ5/3 + ρ5/3 (dy21 + dy22)
]
+R2ρ1/3ds2X4 . (4.14)
This configuration is presented in Fig. 5.
M4 ×X2 ×X4 t x1 x2 ρ y1 y2 s1 s2 s3 s4
D4 × × × × ×
D6 × × × × × × ×
Figure 5. D4-D6 intersection over a two-brane.
The D4-D6 solution (4.14) has been considered in [34] as a solution with the Lifshitz-
like geometry (1.4), but without the conformal invariance. However, one should note that
(4.14) can be taken to the form
ds2 = z−1/3
{
R˜2
[(−dt2 + dx21 + dx22)
z2
+
dz2
z2
+
(
dy21 + dy
2
2
)
z4/3
]
+R2ds2X4
}
.
(4.15)
One can see that (4.15) is the Lifshitz solution with the hyperscaling violation [29]-[32]
ds2 = ρ2θ/d
ρ2(−dt2 + p∑
i=1
dx2i
)
+ ρ2/ν
q∑
j=1
dy2i +
dρ2
ρ2
 (4.16)
with parameters
θ =
2
3
, d = 4, ν =
3
2
, (4.17)
where d is the number of the spatial coordinates (xi and yi, i = 1, 2) and θ is the hyper-
scaling violation exponent. The geometry (4.16) possesses the scaling property
t→ λt, xi → λxi, z → λz, yi → λ2/3yi, ds→ λ−1/6ds. (4.18)
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We define the shock metric on the D4-D6 system in a similar way to the shock wave in the
D3-D7 background (4.8)
ds2 =
R˜2
z1/3
[
φ(z)
z2
δ(u)du2 − dudv
z2
+
dx22
z2
+
dz2
z2
+
(
dy21 + dy
2
2
)
z4/3
]
. (4.19)
The shock profile obeys the equation
∂2φ(z)
∂z2
− 4
z
∂φ(z)
∂z
= −16piG6z4∗Eδ(z − z∗). (4.20)
The solution to (4.20) is given by
φ(z) = φaΘ(z∗ − z) + φbΘ(z − z∗), (4.21)
where
φa = C0zazb
((
z∗
zb
)5
− 1
)((
z
za
)5
− 1
)
,
φb = C0zazb
((
z∗
za
)5
− 1
)((
z
zb
)5
− 1
)
, (4.22)
and
C0 = −16piG5E
6R˜6
z4az
4
b
(z5b − z5a)
. (4.23)
Now we turn to the discussion of a wall-on-wall collision defined by the metric
ds2 =
L2
z1/3
[
φ1(z)
z2
δ(u)du2 +
φ2(z)
z2
δ(v)dv2 − dudv
z2
+
dx22
z2
+
dz2
z2
+
(
dy21 + dy
2
2
)
z4/3
]
.
(4.24)
The conditions for the trapped surface formation are
8piG5Ez
4
a
(
1− z5b
z5∗
)
R˜6
(
z5b
z5∗
− z5a
z5∗
) = −1, 8piG5Ez4b
(
1− z5a
z5∗
)
R˜6
(
z5b
z5∗
− z5a
z5∗
) = 1, (4.25)
which yield the expressions for the boundary and collision points
za =
zb(−1 + z4bC)1/4 , z∗ = z4/5a z4/5b
(
za + zb
z4a + z
4
b
)1/5
, (4.26)
with C = 8piG5E/R˜
6. This solution is shown in Fig. 6.
The metric determinant for the 4d space
ds2Lif4 =
R˜2
z1/3
[
dx22
z2
+
(
dy21 + dy
2
2
)
z4/3
+
dz2
z2
]
(4.27)
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Figure 6. The solution to the system of equations (4.25) for the given zb.
is given by
det|gLif4 | =
L8
z8
. (4.28)
Hence, for the relative entropy we have the following relation
s =
R˜4
6G5
(
1
z3a
− 1
z3b
)
. (4.29)
Taking zb →∞ one comes to the following approximation
s(C, zb) =
(
C
2
)3/4
−
(
1
zb
)3
− 3
4
(
2
C
)1/4( 1
zb
)4
+ . . . . (4.30)
The maximum value of the trapped surface area at infinite zb is
s|zb→∞ =
(
C
2
)3/4
=
(
4piG5
R˜6
)3/4
E3/4. (4.31)
4.3 From shock waves to pp-waves
As it is known shock waves is a particular type of pp-waves, plane-fronted waves with
parallel rays. These structures can be introduced in brane systems to avoid divergences
arising under the dimensional reduction.
If we consider the shock wave metric on the D4−D6-brane intersection (4.19) taking
some smooth function f(t− x1) for the source of the shock wave instead of the δ-function,
one can define the function
K = 1 +
φ(z)
z7/3
f(t− x1), (4.32)
– 22 –
where φ(z) is given by (4.21)-(4.23). Now one can turn the shock wave metric into a more
familiar form [69]
ds2 = R˜2
[
−K−1dt2 +K [dx1 + (K−1 − 1)dt]2 + dx22
z7/3
+
dz2
z7/3
+
(
dy21 + dy
2
2
)
z4/3
]
. (4.33)
We note that D4 − D6 can be obtained from the intersection of a magnetic M5-
brane and the Kaluza-Klein monopole KK under the reduction over a relative transverse
direction. In [70] gravitational waves propagating on the worldvolumes of intersecting
branes have been used to construct Lifshitz spacetimes with hyperscaling violation using
wave and transverse space reductions. Another way of generating Lifshitz solutions with
hyperscaling violation in supergravities is the dimensional reduction of null deformations of
higher-dimensional branes defined on a product of manifolds, which includes AdS spacetime
with wave structures [71].
5 Conclusions
In this paper, we have constructed shock wave geometries in Lifshitz-like (p,q) backgrounds
(1.4). We have considered Lifshitz-like metrics arising in four- and five-dimensional effective
theories with a non-positive cosmological constant and gauge fields, as well as in intersecting
brane systems of supergravities IIA and IIB. We have found analytic solutions to the profile
equations in the case of domain walls. Following the holographic approach to estimate
multiplicities produced in heavy-ion collisions, we have considered the trapped surface
formation for colliding domain walls. We have obtained the conditions for the formation
of trapped surfaces and calculated its areas. In D = 5 we have found that the results
for the entropy in the Lifshitz-like spacetimes type (1,2) with the exponent ν = 4 and
ν = −2 for type (2,1), when the boundary points zb tend to its infinite values, match
to that one calculated for the AdS-deformed background in [58]. Note that the latter
case corresponds to violating the null energy condition and thus this spacetime may not
be physical. Nonetheless, the Lifshitz geometry with ν = 4 does not have the problem
with the null energy condition in contrast to the background with the power-law factor
b(z) =
(
Leff
z
)1/2
from the work [58], which provides the appropriate dependence of the
entropy on the energy being supported by a phantom dilaton field. The problem with
the phantom nature of the dilaton field was one of the reason to consider the geometry
with b(z) =
(
Leff
z
)1/2
only as an approximation to a true background in an intermediate
zone [68]. From a general perspective we also can consider an anisotropic Lifshitz-like
background as a suitable holographic background for a short time after collisions.
For wall-on-wall collisions defined in D3-D7 and D4-D6 brane systems, we have got the
dependence of the entropy on energy as E5/8 and E3/4, respectively, in the limit zb →∞,
these predictions are not in agreement with the experimental data.
There are several interesting topics that are out of the scope of this paper and deserve
further investigations. In the line of [68] we can find a relation between the entropy and
the thermalization time assuming that the Lifshitz-like background is just an approximated
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background in some intermediate zone. Then it would be interesting to see if these estimates
match to results obtained in the Lifshitz-Vaidya model [63], where it was shown that the
thermalization must take place at a finite velocities and with different values for different
observables.
Another interesting extension of this work is to find solutions interpolating between
AdS and Lifshitz-like backgrounds as it was done in [36],[72]-[74]. In particularly, it is
important to study its finite-temperature flows and consider the evolution of the entropy
during such isotropization model. Then it would be interesting to compare results with
those expected in the Lifshitz hydrodynamics framework [75].
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APPENDIX
A Higher dimensional generalization
In this appendix, we will briefly discuss a shock wave construction in Lifshitz spacetimes of
arbitrary dimensions. As it was show in [48], the Lifshitz-like metric (2.6) can be generalized
to higher dimensions
ds2 = L2
r2ν (−dt2 + p∑
i=1
dx2i
)
+ r2
q∑
j=1
dy2j +
dr2
r2
 (A.1)
with the anisotropic scaling
(t, xi, yi, r)→
(
λνt, λνxi, λyi,
r
λ
)
. (A.2)
In terms of the coordinate ρ = r1/ν we rewrite (A.1) as follows
ds2 = L2
ρ2(−dt2 + p∑
i=1
dx2i
)
+ ρ2/ν
q∑
j=1
dy2j +
dρ2
ρ2
 . (A.3)
The corresponding Killing vectors are
ξ = − ∂
∂t
, ζ1 =
∂
∂xi
, ζ2 =
∂
∂yj
, η = −t ∂
∂xi
− xi ∂
∂t
, χ = −xi ∂
∂xi
− t ∂
∂t
− yj
ν
∂
∂yj
+ ρ
∂
dρ
.
(A.4)
The background (A.1) in the holographic coordinate z = 1/r takes the form
ds2 = L2
z−2(−dudv + p−1∑
i=1
dx2i
)
+ z−2/ν
q∑
j=1
dy2j +
dz2
z2
 , (A.5)
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where we introduce the null combinations u = t− xp and v = t+ xp.
Now we can write down the metric ansatz for the shock wave in the geometry (A.5)
ds2 = L2
z−2(φ(~xp−1, ~yq, z)du2 − dudv + p−1∑
i=1
dx2i
)
+ z−2/ν
q∑
j=1
dy2j +
dz2
z2
 (A.6)
with the profile function obeying the equation[
Lif(p+q) −
1
L2
(
p+
q
ν
)] φ(xi, yj , z)
z
= −2zJuu, (A.7)
where i = 1, . . . p− 1, j = 1, . . . q, Juu is the density related with stress-energy tensor, and
Lif(p+q) is the Laplace-Beltrami operator defined on the (p+ q)-dimensional Lifshitz-like
spacetime
ds2Lif(p+q) =
1
z2
p−1∑
i=1
dx2i +
1
z2/ν
q∑
j=1
dy2j +
dz2
z2
. (A.8)
The corresponding equation for the domain wall profile is reduced to the form
∂2φ(z)
∂z2
−
(
p+
q
ν
) 1
z
∂φ(z)
∂z
= −16piGDEzp+
q
ν∗ δ(z − z∗). (A.9)
The solution to eq. (A.9) can be represented in the form
φ = φaΘ(z∗ − z) + φbΘ(z − z∗), (A.10)
with the profile functions given by
φa(z) = C0zazb
zp+1+ qν∗
z
p+1+ q
ν
b
− 1
(zp+1+ qν
z
p+1+ q
ν
a
− 1
)
, (A.11)
φb(z) = C0zazb
(
z
p+1+ q
ν∗
z
p+1+ q
ν
a
− 1
)zp+1+ qν
z
p+1+ q
ν
b
− 1
 , (A.12)
C0 = − 16piGDEνz
p+ q
ν
a z
p+ q
ν
b
(pν + q + ν)Lp+
q
ν
+2(z
p+ q
ν
+1
b − z
p+ q
ν
+1
a )
. (A.13)
The trapped surface is formed if the following conditions are satisfied
8piG(D)Ez
p+ q
ν
a
(
1− zp+
q
ν
+1
b /z
p+ 1
ν
+1
∗
)
Lp+
q
ν
+2
(
z
p+ q
ν
+1
b /z
p+ q
ν
+1
∗ − zp+
q
ν
+1
a /z
p+ q
ν
+1
∗
) = −1,
8piG(D)Ez
p+ q
ν
b
(
1− zp+
q
ν
+1
b /z
p+ q
ν
+1
∗
)
Lp+
q
ν
+2
(
z
p+ q
ν
+1
b /z
p+ q
ν
+1
∗ − zp+
q
ν
+1
a /z
p+ q
ν
+1
∗
) = 1. (A.14)
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The relations between the collision and boundary points read
za =
 zp+ qνb
−1 + zp+
q
ν
b C
 ννp+q , z∗ =
 zp+ qνa zp+ qνb
z
p+ q
ν
a + z
p+ q
ν
b
 νpν+ν+q , (A.15)
where C =
8piG(D)E
Lp+
q
ν
+2
.
The metric determinant for the (p+ q)-dimensional Lifshitz space (A.8) is
det |gLif(p+q) | = z−(p+
q
ν
). (A.16)
The relative entropy is given by
s =
1
2G5
ν
νp+ q − ν
 za
zp+
q
ν a
− zb
z
p+ q
ν
b
 . (A.17)
B The shock wave and gauge fields
In this section, we check that the gauge fields don’t contribute to the profile’s equation
of the shock wave. For simplicity, we show it for the 3 + 1-dimensional model (2.1) with
(2.7). Let us write down the shock wave metric and the form fields in terms of light-cone
coordinates (2.16)
ds2 =
φ(y, z)δ(u)
z2
du2 − 1
z2
dudv +
1
z2/ν
(
dy21 + dy
2
2
)
+
dz2
z2
, (B.1)
H(3) = −
√
ν − 1
ν
z−3du ∧ dv ∧ z, B(2) =
√
ν − 1
4ν
z−2du ∧ dv. (B.2)
The Einstein equations corresponding to the geometry (2.6) can be represented as
RMN − 1
2
gMNR+ gMNΛ =
1
4
HMM1M2H
M1M2
N +m
2
0BMM1B
M1
N −
1
2
gMN
[
H23
12
+
m20
2
B22
]
. (B.3)
The first component of eqs.(B.3) is
Ruu − 1
2
guuR =
1
4
HuvzH
vz
u +m
2
0BuvB
v
u −
1
2
guu
[
2Λ +H2(3)
12
+
m20
2
B22
]
, (B.4)
where
HuvzH
vz
u = HuvzHuvzg
vvgzz, BuvB
v
u = BuvBuvg
vv. (B.5)
The non-diagonal component of the Einstein equations reads
Ruv − 1
2
guvR =
1
4
HuvzH
vz
v +m
2
0BuvB
v
v −
1
2
guv
[
2Λ +H23
12
+
m20
2
B22
]
, (B.6)
– 26 –
where
HuvzH
vz
v = HuvzHvuzg
uvgzz, BuvB
v
v = BuvBvug
uv. (B.7)
Inserting the metric components guu, g
vv in (B.5) and guv, g
uv in (B.6) one comes to
Ruu − 1
2
guuR = −φ(y, z)δ(u)
4z2(HuvzHuvzgzz
4
+m20BuvBuv
)
+
(
2Λ +
H23
12 +
m20
2 B
2
2
)
2z2
 ,
(B.8)
Ruv − 1
2
guvR = 2z
2
(
HuvzHuvzg
zz
4
+m20BuvBuv
)
+
1
4z2
(
2Λ +
H23
12
+
m20
2
B22
)
.
(B.9)
Substituting the left-hand side of (B.9) into the right-hand side of (B.8) we obtain
Ruu − 1
2
guuR = −2φ(y, z)δ(u)
[
Ruv − 1
2
guvR
]
. (B.10)
Taking into account the expression for the scalar curvature (2.20) one has
1
2
guuR = −φ(y, z)δ(u)(3ν
2 + 2ν + 1)
z2ν2
and
guvRφ(y, z)δ(u) = φ(y, z)δ(u)
(3ν2 + 2ν + 1)
z2ν2
. (B.11)
Thus, owing to (B.11) eq. (B.10) can be represented in the following form
Ruu + 2φ(y, z)δ(u)Ruv = 0. (B.12)
Substituting relations for Ruu and Ruv in eq. (B.12) we have
− 1
2
δ(u)
zν
[
zν
∂2φ(y, z)
∂z2
+ z−1+
2
ν ν
∂2φ(y, z)
∂y2
− ∂φ(y, z)
∂z
ν − ∂φ(y, z)
∂z
+
4φ(y, z)ν
z
+
2φ(y, z)
z
]
+ φ(y, z)δ(u)
2ν + 1
νz2
= 0. (B.13)
In the left-hand side of eq. (B.13) we can derive the relation for the operator Lif2 (2.25)
and represent the equation in the form
δ(u)
[
Lif2 −
(
1 +
1
ν
)]
φ(y, z)
z
= 0. (B.14)
Thus, we can conclude that H(3) and B(2) do not give a contribution to the equations for
the shock wave profile.
C The profile equations for shock waves in D = 5
In this section, we derive equations for the shock wave profiles in D=5 Lif(p,q) spacetimes.
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C.1 Lif(1,2)-type
Here we consider the shock-wave in the Lifshitz-like geometry (1,2) with the metric (3.3).
To show that the profile equation is given by (3.4), we write down corresponding non-zero
components of the Ricci tensor
Ruu = −1
2
δ(u)
zν
[
zν
∂2φ(y1, y2, z)
∂z2
+ z−1+
2
ν ν
∂2φ(y1, y2, z)
∂y21
+ z−1+
2
ν ν
∂2φ(y1, y2, z)
∂y22
−∂φ(y1, y2, z)
∂z
ν − 2∂φ(y1, y2, z)
∂z
+
4φ(y1, y2, z)ν
z
+
4φ(y1, y2, z)
z
]
. (C.1)
Ruv =
(ν + 1)
νz2
, Ry1y1 = Ry2y2 = −
2z−
2
ν (ν + 1)
ν2
, Rzz = −2(ν
2 + 1)
ν2z2
. (C.2)
The scalar curvature reads
R = −2(3ν
2 + 4ν + 3)
L2ν2
. (C.3)
The equation for the profile the (u, v) component of the Einstein equations reads
Ruv − 1
2
guvR+ guvΛ = Tuv, (C.4)
where Tuv = 0, since the only non-zero component of the stress-energy tensor is Tuu.
Substituting Ruv, guv into (C.4) we find the relation for Λ
Λ = − 1
L2
(
1 +
2
ν
+
3
ν2
)
. (C.5)
Inserting Ruu from (C.1), guu from (3.3), (C.3) and (C.5) into the (u, u)-component, we
find
− 1
2
δ(u)
zν
[
zν
∂2φ(y1, y2, z)
∂z2
+ z−1+
2
ν ν
∂2φ(y1, y2, z)
∂y21
+ z−1+
2
ν ν
∂2φ(y1, y2, z)
∂y22
−∂φ(y1, y2, z)
∂z
ν − 2∂φ(y1, y2, z)
∂z
+
4φ(y1, y2, z)ν
z
+
4φ(y1, y2, z)
z
]
+
δ(u)
φ(y1, y2, z)
z2
(3ν2 + 4ν + 3)
ν2
− δ(u)φ(y1, y2, z)
z2
(
1 +
2
ν
+
3
ν2
)
= Tuu. (C.6)
Simplifying (C.6) and taking into account the expression for the Laplace-Beltrami operator
(3.6) one comes to eq. (3.4).
C.2 Lif(2,1)-type
Now we turn to the shock wave metric (3.29) with the following non-zero components of
the Ricci tensor
Ruu = −1
2
δ(u)
ν
[
ν
∂2φ(x2, y2, z)
∂z2
+ ν
∂2φ(x2, y2, z)
∂x22
+ z−2+
2
ν ν
∂2φ(x2, y2, z)
∂y22
−2ν
z
∂φ(x2, y2, z)
∂z
− 1
z
∂φ(x2, y2, z)
∂z
+
6φ(x2, y2, z)ν
z2
+
2φ(x2, y2, z)
z2
]
, (C.7)
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Ruv =
3ν + 1
2νz2
, Rx2x2 = −
3ν + 1
νz2
, Ry2y2 = −z−2/ν
3ν + 1
ν2
, Rzz = −3ν
2 + 1
ν2z2
. (C.8)
The scalar curvature corresponding to (3.29) reads
R = −2(6ν
2 + 3ν + 1)
L2ν2
. (C.9)
A non-diagonal component of Einstein equations reads
Ruv − 1
2
guvR+ guvΛ = Tuv. (C.10)
Substituting Ruv, R and guv into the non-diagonal component of the Einsten equations,
one obtains
3ν + 1
νz2
− 1
4z2
2(6ν2 + 3ν + 1)
ν2
− Λ
2z2
= 0, (C.11)
which yields the relation for Λ
Λ = − 1
L2
(
3 +
2
ν
+
1
ν2
)
. (C.12)
The uu-component of Einstein equations is given
− 1
2
δ(u)
ν
[
ν
∂2φ(x2, y2, z)
∂z2
+ ν
∂2φ(x2, y2, z)
∂x22
+ z−2+
2
ν ν
∂2φ(x2, y2, z)
∂y22
−2ν
z
∂φ(x2, y2, z)
∂z
− 1
z
∂φ(x2, y2, z)
∂z
+
6φ(x2, y2, z)ν
z2
+
2φ(x2, y2, z)
z2
]
+
δ(u)φ(x2, y2, z)
z2
(6ν2 + 3ν + 1)
ν2
− δ(u)φ(x2, y2, z)
z2
(
3 +
2
ν
+
1
ν2
)
= Tuu, (C.13)
which yields eq. (3.30).
D The curvature invariants
Here we show that the curvature invariants for the Lifshitz-like background (1.4) have finite
values. For simplicity, we consider the 5-dimensional Lifshitz-like metric type (1,2)
ds2 =
(−dt2 + dx2)
z2
+
(
dy21 + dy
2
2
)
z2/ν
+
dz2
z2
. (D.1)
Nonzero components of the Riemann tensor corresponding to (D.1) are
Rtxtx =
1
z4
, Rty1ty1 =
z−2/ν
νz2
, Rty2ty2 =
z−2/ν
νz2
, Rtztz =
1
z4
, (D.2)
Rxy1xy1 = −
z−2/ν
νz2
, Rxy2xy2 = −
z−2/ν
νz2
, Rxzxz = − 1
z4
, Ry1y2y1y2 = −
z−4/ν
ν2
,
Ry1zy1z = −
z−2/ν
ν2z2
, Ry2zy2z = −
z−2/ν
ν2z2
.
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Raising indices in (D.2) we get
Rtxtx = z4, Rty1ty1 =
1
ν
z2+2/ν , Rty2ty2 =
1
ν
z2+2/ν , Rtztz = z4, (D.3)
Rxy1xy1 = −1
ν
z2+2/ν , Rxy2xy2 = −1
ν
z2+2/ν , Rxzxz = −z4,
Ry1y2y1y2 = − 1
ν2
z4/ν , Ry1zy1z = −z
2+2/ν
ν2
, Ry2zy2z = −
z2+2/ν
ν2
.
The scalar curvature for (D.1) is
R = −2
(
3ν2 + 4ν + 3
)
ν2
. (D.4)
The Kretschmann scalar can be represented as
K = RabcdR
abcd = RtxtxR
txtx +Rty1ty1R
ty1ty1 +Rty2ty2R
ty2ty2 +RtztzR
tztz +
Rxy1xy1R
xy1xy1 +Rxy2xy2R
xy2xy2 +RxzxzR
xzxz +Ry1y2y1y2R
y1y2y1y2 +
Ry1zy1zR
y1zy1z +Ry2zy2zR
y2zy2z. (D.5)
Substituting the Riemann tensor components from (D.2) and (D.3) into (D.5) we have
K =
1
z4
z4 +
z−2/ν
νz2
1
ν
z2+2/ν +
z−2/ν
νz2
1
ν
z2+2/ν +
1
z4
z4 +(
−z
−2/ν
νz2
)(
−1
ν
z2+2/ν
)
+
(
−z
−2/ν
νz2
)(
−1
ν
z2+2/ν
)
+
(
− 1
z4
)(−z4)+(
−z
−4/ν
ν2
)(
− 1
ν2
z4/ν
)
+
(
−z
−2/ν
ν2z2
)(
−z
2+2/ν
ν2
)
+
(
−z
−2/ν
ν2z2
)(
−z
2+2/ν
ν2
)
=
3 + 4ν2 + 3ν4
ν4
. (D.6)
Now let us show that ∇PRmnkl∇PRmnkl is also finite. It can be written down in the
detailed form
∇PRmnkl∇PRmnkl = ∇zRtxtx∇zRtxtx +∇zRty1ty1∇zRty1ty1 +∇zRty2ty2∇zRty2ty2 +
∇zRtztz∇zRtztz +∇zRxy1xy1∇zRxy1xy1 +∇zRxy2xy2∇zRxy2xy2 +∇zRxzxz∇zRxzxz +
∇zRy1y2y1y2∇zRy1y2y1y2 +∇zRy1zy1z∇zRy1zy1z +∇zRy2zy2z∇zRy2zy2z.
(D.7)
For the first term we have
∇zRtxtx = Rtxtx,z −RtxtxΓttz −RtxtxΓxxz −RtxtxΓttz −RtxtxΓxxz =
− 4
z5
+
1
z5
+
1
z5
+
1
z5
+
1
z5
= 0. (D.8)
The other covariant derivatives are also equal to zero
∇zRty1ty1 = 0, ∇zRty2ty2 = 0, ∇zRtztz = 0, ∇zRxy1xy1 = 0,
∇zRxy2xy2 = 0, ∇zRxzxz = 0, ∇zRy1y2y1y2 = 0,
∇zRy1zy1z = 0, ∇zRy2zy2z = 0. (D.9)
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Hence, taking (D.8) and (D.9) into account, we obtain that
∇PRmnkl∇PRmnkl = 0. (D.10)
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